We propose a scheme to realize multiqubit tunable phase gate in a circuit QED setup where two resonators each coupling with a qudit are interconnected to a common qudit (d = 4). In this proposal, only two levels of each qudit serve as the logical states and other two levels are used for the gate realization. The proposal is efficient and simple because only a classical microwave pulse is needed, no matter how many qudits are involved, which significantly reduces experimental difficulty. In non-resonant case, the tunable phase gate can be achieved readily, while under the resonant condition a π-phase gate can be realized after a full cycle of Rabi oscillation where the gate speed is rather fast due to the resonant interaction. We have shown that the resulting effective dynamics allows for the creation of high fidelity phase gate. The influence of various decoherence processes such as the decay of the resonator mode, and the relaxation of the qudits is investigated.
I. INTRODUCTION
Quantum computer holds promise that it owns the great power to solve classically intractable problems such as factoring a number [1] and searching a data in an array [2] . This is, in general, accomplished by performing specific unitary transformations on a set of quantum bits followed by measurement. The basic element of a computer is the logic gate, either in a classical computer or a quantum computer. Now it has been shown that one-qubit gates and two qubit controlled phase gates are universal for constructing a quantum computer, i.e. any multiqubit gates can be achieved by choosing appropriate set of these elementary gates. In practical quantum computing, the implementation of quantum algorithms and quantum error-correction protocols may involve multiqubit quantum gates [3, 4] . As the number of the qubits increases, the procedure of decomposing multiqubit gates into several basic elementary gates becomes more and more complicated. It is necessary to develop a way to realize the multiqubit quantum gate directly.
In particular, the multiqubit controlled phase gate which shifts the phase of only one of the state components is of great importance. This gate can be widely used in quantum algorithms [5] , quantum Fourier trans- * E-mail: liwenan@126.com form [6] , and quantum error correction [3, [7] [8] [9] . A number of theoretical schemes [10] [11] [12] [13] [14] [15] have been proposed to implement the there-qubit quantum gate, and it has been demonstrated experimentally in nuclear magnetic resonance [9] , linear optics [16] , ion traps [17] , and circuit QED systems [7, 18] . However, the controlled phase gates involving more than three qubits have not been experimentally implemented. Though an n-qubit controlled phase gate could be decomposed into the elementary oneand two-qubit gates, it requires much longer times and yields lower overall fidelities. For example, the Toffoli gate implemented with only single-and two-qubit gates requires six controlled-NOT gates and ten single-qubit operations [19] . Therefore, it is hard to realize the phase gates involving more than three qubits in any system owing to current limits on coherence.
Recently, several schemes, such as n-control qubits acting on one target qubit [15, [20] [21] [22] [23] [24] , one control qubit simultaneously controlling n target qubits, based on cavity QED or circuit QED [25] [26] [27] [28] , have been proposed. For example, Yang et al [20] present a way to realize an n-qubit controlled phase gate with superconducting quantum-interference devices (SQUIDs) by coupling them to a superconducting resonator. The implementation of three-qubit phase gate requires seven operational steps, and adjusting the level spacings of the SQUID to couple corresponding energy level. In their proposal, the required steps for the n-qubit controlled phase gate is 2n + 1, which make the experimental procedure much complicated and difficult to perform with the increase of the number of qubits. Zhang et al [24] proposed a scheme for one-step implementation of an n-qubit controlledphase gate in a superconducting quantum interference device system. The scheme focuses on that n SQUID qubits simultaneously and nonidentically couple to a resonator mode and the microwave pulses, which requires individual addressing on each qubit. It means that n classical microwave fields are needed to drive n qubits in the same resonator, which poses a challenge to the present experimental condition as the number of qubits increases. Due to the large detuning, the gate speed is greatly limited to the order of µs. Moreover, the phase can not be tunable. It is just a π-phase gate.
Here, we propose a scheme for realization of multiqubit tunable phase gate with only one step. This scheme differs remarkably from others due to the fact that we employ the quantum Zeno dynamics [29] [30] [31] [32] [33] and the distributed experimental setup where n − 1 qubits located in n − 1 different resonators respectively. Compared with previous proposals, our scheme owns several advantages as following: (i) individual addressing on each qudit is not required and only a classical microwave pulse is needed to drive the central qudit A, which greatly loosens the requirement for the experimental conditions; (ii) the time needed to complete the gate can be reached to the order of nanosecond, which is much faster than previous schemes [20, 24] ; (iii) in the non-resonant case, the phase is tunable. It can be adjusted by changing the Rabi frequency of the pulse applied to the target qubit, the detuning and the interaction time.
This paper is organized as follows. In Sec. II, we briefly introduce the our model with four-level quantum systems coupled to resonators where are connected by the common coupler, and how to realize the gate within such a system. In Sec. III, we give a brief discussion of the effectiveness of our model through numerical simulation. In Sec. IV, we generalize the model to N -qubits case. A concluding summary is presented in Sec. V.
II. MODEL AND EFFECTIVE DYNAMICS
We consider a system consisting of two resonators each hosting a fluxonium qudit [34] [35] [36] and interconnected by a common fluxonium qudit A capacitively, as shown in Fig. 1(a) . The fluxonium qudit is biased properly to have four lowest levels, which are denoted by |f j , |s j , |g j and |e j (j = 1, 2, A), respectively [ Fig. 1(b) and (c) ]. For all the qudits, the resonator mode is off-resonant with the transition |e ↔ |g while decoupled from the transition between any other two levels of fluxonium qudits. Here, g j (j = 1, 2, A) is the coupling strength between the resonator mode and the |e j ↔ |g j transition. ∆ is the detuning between the |e ↔ |g transition. For the qudit A, the transition |e A ↔ |s A is driven dispersively by a classical microwave pulse with Rabi frequency Ω and detuning ∆. In the interaction picture, the Hamiltonian of the whole system can be written as
with
where H is the total interaction of the whole system, H 1,2 is the interaction between the qudits and the resonators (or classical microwave pulse), and a j is the annihilation operator of resonator j. It is noted that |f i is decoupled with the qudit-resonator interaction, thus it disappears in Eq.(1). For simplicity, we assume g j (j = 1, 2, A) and Ω are all real, and g 1 = g 2 = g A = g. To implement the three qubit quantum phase gate, we here use the asymmetric encoding scheme. The logic states of qubit 1 and qubit 2 are represented by the state |f and |g , while the logic states of qubit A are represented by |f and |s . With this, the three qubit computational basis corresponds to
First, we consider the case that the system is initially in the |f 1 f 2 s A |0, 0 c , where |0, 0 c denotes the vacuum state of the resonator mode 1 and 2 respectively.
As a consequence, it will be constrained in the subspace spanned by
In such a subspace, we can rewrite the Hamiltonian as
Here,
are the eigenstates of H 2 with the eigenvalues − √ 2g, √ 2g, 0, respectively. Under the unitary transformation e iH ′ 2 t , we further obtain
Assuming the conditions g ≫ Ω are satisfied, we can readily discard the fast-oscillating terms in H ′′ 1 , then obtain the effective Hamiltonian
This effective Hamiltonian does nothing to the initial state |f 1 f 2 s A |0, 0 c , thus the initial state remains unchanged. Next, we consider the case that the system is initially in the state |f 1 g 2 s A |0, 0 c . The system will evolve in the subspace
The relevant Hamiltonian of the system can be rewritten as
where
. The eigenvectors of the interaction Hamiltonian H 2 are listed as following
with eigenvalues
Obviously, the effective Hamiltonian also does nothing to the initial state |f 1 g 2 s A |0, 0 c and the |f 1 g 2 s A |0, 0 c do not undergo any change during the interaction. Moreover, it is noted that the system will undergo the similar evolution with the initial state |g 1 f 2 s A |0, 0 c due to the exchange symmetry between qubit 1 and 2.
Furthermore, if the system is assumed to be prepared in the state |g 1 g 2 s A |0, 0 c , the system will be constrained in the subspace spanned by
where the corresponding eigenvectors of H 2 in such a subsystem are
with eigenvalues λ
In the interaction picture with respect toH 2 , considering the condition g ≫ Ω and discarding the fastoscillating terms, then we can obtaiñ
) Non-resonant case: Set ∆ ≫ Ω, then there are no any energy exchange between the state |g 1 g 2 s A |0, 0 c and |φ ′′ 5 due to the large detuning. Consequently, the effective Hamiltonian of the subsystem
is obtained. Under the action ofH ′ 1,eff , we obtain |g 1 g 2 s A |0, 0 c → exp(iΩ 2 t/3∆)|g 1 g 2 s A |0, 0 c . The other computational states |f 1 x 2 f A and |g 1 x 2 f A (where x = f, g) are decoupled from the Hamiltonian and do not undergo any change during the evolution of the system. In this way, the system keeps in the initial state with an tunable additional phase shift. Therefore, we obtain a three qubit tunable phase gate
with δ = Ω 2 t/3∆ being the phase. Additionally, if δ = π, this transformation plus the Hadamard gate on the qubit A with |f A → (|f A + |s A )/ √ 2, |s A → (|f A − |s A )/ √ 2, we can obtain a three qubit Toffoli gate. Resonant case: When ∆ = 0, after time t, the state of the system becomes cos (Ωt/
. After a full cycle of Rabi oscillation, i.e., t = √ 3π/Ω, we have −|g 1 g 2 s A |0, 0 c . Thus, the system returns to the initial state with an additional phase shift π. In this way, we obtain a three-qubit controlled phase gate
in which, if and only if the three qubits are in the state |g 1 g 2 s A |0, 0 c , the system undergoes a phase shift π.
III. DISCUSSIONS AND NUMERICAL

ANALYSIS
In order to validate the feasibility of the above theoretical analysis, we perform a direct numerical simulation of the Schrödinger equation with the original Hamiltonian Eq.
(1) (without decoherence). In non-resonant case, we choose the typical parameters: Ω = 0.1g and ∆ = g. In the simulation, we calculated the temporal evolutions of the system beginning with three distinct initial states |f 1 f 2 s A |0, 0 c , |f 1 g 2 s A |0, 0 c and |g 1 g 2 s A |0, 0 c . As shown in the Fig.2(a) , the blue, green and red lines represent the real parts of the coefficients of the basis states |f 1 f 2 s A |0, 0 c , |f 1 g 2 s A |0, 0 c and |g 1 g 2 s A |0, 0 c , respectively. It is seen that, the system returns to its initial state but obtains a global phase shift π at the time τ = 3π∆/Ω 2 = 300π/g, when the system is initially prepared in the state |g 1 g 2 s A |0, 0 c , while it is almost unchanged for the initial state |f 1 f 2 s A |0, 0 c and |f 1 g 2 s A |0, 0 c . Furthermore, we also consider the resonant case with parameters Ω = 0.1g and ∆ = 0 in Fig.2(c) . At the time τ ′ = √ 3π/Ω = 10 √ 3π/g, the system returns to the initial state with an additional phase π, which is much shorter than the time required in the non-resonant case. In particular, Fig.2(b) and (d) shows the enlarged part of Fig.2(a) and (c) respectively. It represents that state |f 1 f 2 s A |0, 0 c and |f 1 g 2 s A |0, 0 c are almost unchanged during the process.
The validity of our scheme is based on the assumption that all the coupling strengths of qudit-resonator mode are equal, namely, g 1 = g 2 = g A = g. However, there could be deviation in the parameters in a practical situation. These errors result in the mismatch of the coupling constants g 1 and g 2 . So we should consider the influence of the deviation from theoretical situation g on the fidelity of the three-qubit phase gate, which is defined as
where |Ψ(0) is the initial state of the qubits and |ψ(τ ) is the final state under the evolution of the original Hamiltonian Eq.(1) at time τ . Here we consider a general input state
where c i is the corresponding amplitude of probability obeying the normalization i |c i | 2 = 1. Without loss of generality, we select c 1 = 3 for the present simulation. Figure 3 shows how the deviation of the parameter influence the fidelity of the phase gate within the non-resonant (Fig.3a) and resonant case (Fig.3b) . A deviation |δg 1(2) | = 10%g only causes a reduction smaller than 5% in the fidelity. It is apparent that the fidelity of phase gate is always higher than 95% under various deviations of the selected parameters. Thus our scheme is very robust against some errors which occurred in a practical case.
Until now, we only consider the ideal case and various decoherence effects are not involved in the above discussions. The decoherence is induced by the decay of the cavities, and the relaxation of the qubits. Taking the decoherence into account, the whole system is determined by the master equatioṅ
is the photon decay rate of the ith cavity, γ n,i is the energy relaxation rate of the jth qubit for the decay path |e → |n . We assume κ i = κ and γ n,i = γ for simplicity. The fidelity of the three-qubit controlled-phase gate implemented in the presence of the decoherence can be defined as
where ρ ′ (t) represents the temporal reduced density matrix (obtained by tracing out the cavity mode part). In Fig.4 , we plot the fidelity F versus the decays κ and γ. We can see that the fidelity is still larger than 70% for κ = γ = 0.1g. In the non-resonant situation, the energy relaxation of the qubits is greatly suppressed due to the large detuning (Fig.4a) . The subspaces involved during the whole process include the excited states of the cavities, which greatly influence the fidelity of the phase gate. However, in the resonant case, the results are reverse. The energy relaxation of the qubits becomes the main decoherence source due to the resonant interaction, as shown in Fig.4b . In real circuit QED system, strong coupling between superconducting qubit and resonator can be achieved with g = 2π × 360MHz [18] , and κ −1 = 1µs, γ −1 = 25µs [37, 38] . With these parameters, it seems that the present scheme with a high fidelity larger than 95% could be feasible in an experiment. Furthermore, in the resonant case, the π phase gate can be realized only in 24 ns, which is much shorter than the time needed in previous scheme [20, 24] .
IV. GENERALIZATION TO N -QUBIT PHASE
GATE
We note that the scheme can be generalized to realize N -qubit phase gate. The potential experiment configurations are depicted in Fig.5 . We assume that N − 1 resonators each hosting a qudit are coupled to a common qudit A capacitively. The level configuration of all qudits is the same as the case in Fig.1(b) . Then the Hamiltonian reads with
where a i (i = 1, 2, 3, N − 1) is the annihilation operator for photons in the resonator i and g i is the coupling constant for qudit i associated with the corresponding quantized resonator modes. Without loss of generality, we choose g i = g A = g in the following calculation. To implement the N -qubit quantum phase gate, we here use the asymmetric encoding scheme. The logic states of qubit i(i = 1, 2, 3, ..., N − 1) are represented by the state |f and |g , while the logic states of qubit A are represented by |f and |s . Under the condition g, ∆ ≫ Ω, taking the similar procedure above, we can find that if and only if the N qubits are in the state |g 1 g 2 g 3 ...g N −1 s A , the system undergoes a phase shift exp(iΩ 2 t/N ∆). Especially, in the resonant case, implementing the N -qubit π-phase gate requires time gt = 10 √ N π. In order to test the effectiveness of our proposal, we consider specifically, for example, the case of 7 qubit. In Fig.6 , we plot the time-evolution behaviors of the real part (blue line) and imaginary part (red line) of the state |g 1 g 2 g 3 g 4 g 5 g 6 s A |0, 0, 0, 0, 0, 0 c under the evolution of the total Hamiltonian Eq.(32). From figure.6a, it is easily seen that at scaled time gt ≈ 2200 the state |g 1 g 2 g 3 g 4 g 5 g 6 s A acquires a π-phase shift, which agrees with our theoretical value 700π very well. In figure. 6b, we plot the time-evolution behaviors of the real part (orange line) of |g 1 g 2 g 3 g 4 g 5 g 6 s A |0, 0, 0, 0, 0, 0 c within resonant case. The time needed to complete the 7-qubit phase gate only requires 36 ns. The results match with the theoretical value very well. Therefore, our effective model is valid.
V. SUMMARY
In summary, we have proposed a scheme for implementation of the multiqubit tunable phase gate in a circuit QED setup where two resonators each hosting a qudit are coupled to a common qudit. Taking advantage of quantum Zeno dynamics and asymmetric encoding the logic state, the multiqubit tunable phase gate can be completed in only one step without individual addressing on each qudit during the whole process. Only a classical microwave pulse is needed, no matter how many qudits are involved. We have considered the our model under the non-resonant and resonant case. In non-resonant case, the tunable phase gate can be realized readily, while in resonant case a π-phase gate can be achieved after a full cycle of Rabi oscillation where the gate speed is much faster than that shown in previous schemes [20, 24] . Moreover, the proposed scheme can be easily generalized to realize N -qubit phase gate. Discussion about the effect of possible experimental parameter errors on the fidelity of the entangled state are also given. Meanwhile, the influence of various decoherence processes such as the decay of the resonator modes, and the relaxation of the qudits is also investigated. Numerical results have shown a high fidelity to complete the phase gate.
